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Abstract. Malcev dialgebras were introduced recently by Bremner, Peresi 
and Sanchez-Ortega. In the present paper, we continue their study by intro- 
ducing the notion of the generalized alternative di-nucleus of a 0-dialgebra. A 
general conjecture about the speciality of Malcev dialgebras in terms of this 
di-nucleus is formulated. In the last section, we introduce the appropriate 
generalization of the associative nucleus for dialgebras, and prove an analogue 
of Kleinfeld's theorem for the setting of dialgebras. 

1. Introduction 

This paper is devoted to a better understanding of Malcev dialgebras, recently 
introduced by Bremner, Peresi and Sanchez-Ortega [6]. 

It is well known that every associative algebra A gives rise to a Lie algebra A~ , 
when the associative product xy is replaced by the commutator [x, y] = xy — yx. 
And conversely, the famous Poincarc-BirkhofF-Witt Theorem [T3] states that any 
Lie algebra is isomorphic to a subalgebra of A~ for some associative algebra A. 
Loday and Pirashvili [22] proved that the Poincare-Birkhoff-Witt Theorem remains 
true for Leibniz algebras, a "noncommutative" version of Lie algebras; see also 
Aymon and Grivel [T], Insua and Ladra for other approaches. The role played 
by associative algebras is taken now by associative dialgebras, introduced by Loday 
POI [3T] in the last decade of the 20 th century. 

For nonassociative algebras, Malcev [53] showed that the commutator in an al- 
ternative algebra satisfies the defining identities for Malcev algebras. This result 
has been extended to the setting of dialgebras (see [SJ Section 4] for details). How- 
ever, nowadays it still remains an open problem whether any Malcev algebra is 
isomorphic to a subalgebra of A~ for some alternative algebra A. Some partial 
results on this problem were obtained in [TT] |31]. Therefore, trying to solve the 
analogous problem in the dialgebra setting seems to be a very ambitious task. 

The speciality of Malcev algebras has been also treated from another perspec- 
tive: a nice result of Perez-Izquierdo and Shestakov [55] establishes that any Malcev 
algebra can be naturally embedded into a subalgebra of the generalized alternative 
nucleus for some nonassociative algebra. The generalized alternative nucleus, previ- 
ously introduced by Morandi and Perez-Izquierdo |25j in the context of composition 
algebras, turns out to be a Malcev algebra with the commutator. 

The purpose of the present paper is to develop the necessary machinery to ap- 
proach similar problems for Malcev dialgebras in future projects. The paper is 
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organized as follows: in section 2 we gather together basie definitions from the the- 
ory of associative and nonassociative dialgebras, and present a simplified statement 
of the general Kolesnikov-Pozhidaev (KP) algorithm for converting an arbitrary 
variety of multioperator algebras into a variety of dialgebras. The relationship be- 
tween the KP algorithm and the Bremner-Sanchez-Ortega (BSO) algorithm (for 
extending multilinear operations in an associative algebra to an associative dialge- 
bra) is also described. In section 3 we apply the KP algorithm to the definining 
identities for the generalized alternative nucleus; as a result, we obtain a system 
of polynomial identities which will define the so-called generalized alternative di- 
nucleus. The rest of the section focusses on the construction of a Malcev dialgebra 
from the generalized alternative di-nucleus. Section 4 begins with some observations 
about the necessity to have a nonlinear di-Malcev identity similar to the identity 
for Malcev algebras expressed in terms of the Jacobian. After applying the BSO 
to the Jacobian we find the natural candidate to be called the nonlinear di-Malcev 
identity, but unfortunately it turns out not to be equivalent to the di-Malcev iden- 
tity. Therefore, it is natural to ask about the existence of a nonlinear di-Malcev 
identity; we close section 4 with this question. In Section 5 we formulate a general 
conjecture about the speciality of Malcev dialgebras in terms of the generalized 
alternative di-nucleus. Finally in the last section, inspired by a classical result of 
Kleinfeld [2] which measures the associativeness of a semiprime algebra by impos- 
ing some conditions on the associators and the associative nucleus; we introduce 
the proper generalization of the associative nucleus to the setting of dialgebras and 
study whether Kleinfeld's theorem remains true. 

2. Preliminaries 

2.1. Associative and alternative dialgebras. Leibniz algebras. Associative 
dialgebras were introduced by Loday |201I21| to provide a natural setting for Leibniz 
algebras. 

The concept of Leibniz algebra was originally introduced in the mid-1960's by 
Bloh under the name "D-algebra" . 

Definition 2.1. (Bloh Loday [H], Cuvier [TO].) A (right) Leibniz algebra 

is a vector space L, with a bilinear map L x L L, denoted {x,y) f-J- {x,y), 
satisfying the (right) Leibniz identity, which states that right multiplications 
are derivations: 

(L) {{x,y),z) = {{x,z),y) + {x, {y,z)). 

If {x, x) = then the Leibniz identity is the Jacobi identity and L is a Lie algebra. 

An associative algebra becomes a Lie algebra if the product xy is replaced by the 
Lie bracket xy — yx. The notion of dialgebra gives, by a similar procedure, a Leibniz 
algebra. Loday's idea was to replace the associative products xy and yx by two 
distinct operations, so that the resulting bracket is not necessarily skew-symmetric. 

Definition 2.2. (Loday [5D]) A dialgebra is a vector space D with two bilinear 
operations H : D x D ^ D and h : D x D ^ D, called the left and right products. 

Definition 2.3. (Kolesnikov [16]) A 0-dialgebra is a dialgebra satisfying the left 
and right bar identities: 

{x -\ y) h z = {x \- y) h z, x H (y H z) = x H (j/ h z). 
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Bar identities say that on the bar side of the products, the operation symbols are 
interchangeable . 

Definition 2.4. (Loday [5D]) An associative dialgebra is a 0-dialgebra satisfying 
left, right and inner associativity: 

(x' H y) H z = X H (y H z), (a; h y) h z = x h (?/ h z), (x \- y) -\ z = x \- (y -\ z). 
Definition 2.5. In any dialgebra D the dicommutator is the bilinear operation 

{x,y) = X -\y -y\- X. 

In what follows, we will write D~ to denote (D, (— , — )), i.e., the underlying vector 
space of D with the dicommutator. 

It is easy to check that the dicommutator in any associative dialgebra D satisfies 
the Leibniz identity, and hence D gives rise to a Leibniz algebra D~ . Conversely, 
to motivate the definition of an associative dialgebra, suppose wc are given a vector 
space D with bilinear maps H and h, and wc want to determine the identities 
that must be satisfied so that the dicommutator satisfies the Leibniz identity. We 
calculate as follows: 

{{x,y),z) - {{x,z),y) - {x, {y,z)) = 

((x -\y)'^Z'-X'^{y'i z)) — ((x Hz)Hj/ — a;H(zh j/)) — ((yha::)Hz — yh(a;H z)) 

— (y h (z h x) — (y H z) h x) — (z h (x H y) — (z h a;) H y) + (z h (y h x) — (z h y) h x) . 

If we set the differences within each pair of large parentheses to zero, we obtain 
identities equivalent to the defining identities for associative dialgebras. 

Ten years after Loday's definition of associative dialgebras, Liu [18] introduced 
alternative dialgebras, the natural analogue of alternative algebras in the setting of 
structures with two operations 

Definition 2.6. (Liu [T^) An alternative dialgebra is a 0-dialgebra satisfying 
{x,y,z)-i + {z,y,x)i- = 0, {x,y,z)-i - {y,z,x)i- = 0, (x, y, z)x + (x, z, y)H = 0, 
where 

(x, y,z)^ = {x-\y)-\z~x-\{y-\ z), 

(x,y, z)x = (x h y) H z - X h (y H z), 

(x, y, z)h = (x h y) h z - X h (y h z), 

are the left, inner and right associators, respectively. We will refer to them as 
the dialgebra associators. It is straightforward to check that every associative 
dialgebra is an alternative dialgebra. 

2.2. KP algorithm. Kolesnikov [16] introduced a general algorithm for trans- 
forming the defining polynomial identities for a variety of binary algebras into the 
defining identities for the corresponding variety of dialgebras. This procedure was 
extended by Pozhidaev [29j to varieties of arbitrary n-ary algebras. In this subsec- 
tion, we recall a simplified statement of the Kolesnikov-Pozhidaev (KP) algorithm 
given in [5]. See Chapoton [£,, Vallette [33], Kolesnikov and Voronin [17] for the 
underlying construction of the KP algorithm in the theory of operads. 

Consider a multilinear n-ary operation { — ,...,—}, and introduce n new n-ary 
operations {— , . . . , ~}j distinguished by subscripts j = 1, . . . ,n. 
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First, we introduce the following 0-identities for i,j ~ 1, . . . ,n with i ^ j and 
k,i = 1, . . . , n; these identities say that the new operations are interchangeable in 
argument i of operation j when i =^ j'- 

{ai, . . . , fli-i, {bi, ■ ■ ■ , bn}k, Oi+l, ■ • ■ , an}j = 

{ai, . . . , fli-i, {bi, - ■ ■ , bn}e, Oi+i, . . . , a„}j. 

Note that the 0-identities are generalizations of the bar identities for associative 
dialgebras. 

Second, we consider a multilinear identity /(ai, . . . , ad) of degree d in the n-ary 
operation {— , . . . , — }. We apply the following rule to each monomial of the identity; 
let a7r(i)a^(2) • ■ • ctir(d) be such a monomial with some placement of operation sym- 
bols where tt is a permutation of 1, . . . , d. For i = 1, . . . , d we convert this monomial 
into a new monomial of the same degree in the n new operations according to the 
position of the variable , called the central argument of the monomial. For each 
occurrence of the original operation, we have the following cases: 

• If Ui occurs in argument j then {. . . } becomes {. . .}j. 

• If tti does not occur in any argument then 

— if Gi occurs to the left of the original operation, {. . . } becomes {. . . }i, 

— if occurs to the right of the original operation, {. . . } becomes {...}„. 
The resulting new identity is called the KP identity corresponding to I{ai, . . . , ad)- 

The choice of new operations, in the two subcases under the second bullet above, 
gives a convenient normal form for the monomial: by the 0-idcntities, the subscripts 
1 and n can be replaced by any other subscripts. Suppose that is the central 
argument and that the identity /(ai, . . . , ad) contains a monomial of this form: 

argument i argument j argument k 

^^^^^^^^^"^^^^^^ 

{...,{-,...,-},..., {...,aj,... },...,{-,..., -},...}. 

Since ai occurs in argument j, the outermost operation must receive subscript j: 

{...,{ — ,...,—},...,{..., ai,...},...,{ — },...}_,. 

Our convention above attaches subscripts n and 1 to arguments i and k respectively: 

{...,{ — ,..., ...,{..., fli, ...},..., { , . . . , — }i, . . . }j. 

Since these subscripts occur in arguments i ^ j and k ^ j oi operation j, the 
0-identities imply that any other subscripts would give an equivalent identity. 

Remark 2.7. Applying the KP algorithm to the associativity law {{x,y},z} = 
{x, {y, z}} gives the defining identities for an associative dialgebra. The defining 
identities for an alternative dialgebra can be obtained by an application to the 
KP algorithm to the linearization of right and left alternativity: {x,x,y) = and 
(a;, y, y) = 0. (See [SI Examples 7 and 8]) 

2.3. BSO algorithm. Bremner and the author [4] have introduced an algorithm 
(BSO) for extending multilinear operations in an associative algebra to correspond- 
ing operations in an associative dialgebra. The BSO algorithm is based on the 
following notion. 

Definition 2.8. (Loday [21]) A dialgebra monomial in the free 0-dialgebra on 
a set X of generators is a product x = xiX2 ■ ■ ■ Xn where xi, . . . ,Xn € X and the 
bar indicates some placement of parentheses and some choice of operations. The 
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center of x is defined inductively: if n = f (x G X) then c{x) = x; if 71 > 2 then 
x = y-\z or x~yhz and c(y H z) = c{y) or c(y h z) = c(z) foUowing the 
direction of the product symbols. Using other words, the center of a monomial is 
the element which has all the product symbols pointing inwards to it. 

See Definition 5.1] for a generalized statement of the BSO algorithm. The 
input is an n-multilinear operation . . . , a;„) in an associative algebra, and 

the output are n operations in an associative dialgebra obtained by making Xi the 
center of each monomial of w. For example, the Lie bracket [x,y] = xy — yx gives 
rise to the operations: 

[a;,y]i = .T H y - y h X, [x,y]2 ^ x ^ y - y -\ x. 

Note that [a;,y]2 = —[y,x\i, and moreover [a;,j/]i = {x,y), the dicommutator. 

The BSO algorithm also works for nonassociative algebras and dialgebras. We 
have already presented an example: the left, inner and right associators (see Defi- 
nition 12. 6p can be obtained by applying the BSO algorithm to the associator in a 
nonassociative algebra. 

2.4. Relation between the KP and BSO algorithms. In (SJ Section 6] a gen- 
eral conjecture was stated in terms of a commutative diagram relating the output 
of the KP and BSO algorithms. Given w, a multilinear n-ary operation in an asso- 
ciative algebra, this conjecture established that under a mild technical condition, 
the following two processes produce the same results: 

• Find the identities satisfied by uj, and apply the KP algorithm. 

• Apply the BSO algorithm to w, and find the identities satisfied by wi, . . . , a;„. 

This conjecture has been recently proved by Kolesnikov and Voronin [17] using 
opcrads. 

2.5. Malcev dialgebras. Malcev dialgebras, the appropriate generalization of 
Malcev algebras to the setting of dialgebras, have been recently introduced by 
Bremner, Peresi and the author [B]. Malcev dialgebras are related to alternative 
dialgebras in the same way that Malcev algebras are related to alternative algebras. 

Before stating their definition, let us first recall the definition of a Malcev algebra. 

Definition 2.9. (Malcev [23]) A Malcev algebra is a vector space with a bilinear 
operation xy satisfying anticommutativity and the Malcev identity: 

x^ = 0, {xy){xz) = {{xy)z)x {{yz)x)x + {{zx)x)y. 

Lemma 2.10. (Sagle |30j ) If the characteristic is not 2, then an algebra is Malcev 
if and only if it satisfies the following multilinear identities: 

xy + yx = 0, {xz){yt) = {{xy)z)t + {{yz)t)x + {{zt)x)y + {{tx)y)z. 

The defining identities for Malcev dialgebras were obtained by applying the KP 
algorithm to the multilinear identities displayed in the previous lemma. 

Definition 2.11. (Bremner, Peresi, JSO [B]) Over a field of characteristic not 2, a 
(right) Malcev dialgebra is a vector space with a bilinear operation xy satisfying 
right anticommutativity and the di-Malcev identity: 



x[yz) + x{zy) = 0, {{xy)z)t - {{xt)y)z - {x{zt))y - {xz){yt) - x{{yz)t) = 0. 
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3. The generalized alternative di-nucleus 

Malcev [23] showed that an alternative algebra becomes a Malcev algebra by 
considering the same underlying vector space under the commutator. Bremner, 
Peresi and the author [6] have used computer algebra to show that any subspace of 
an alternative dialgebra closed under the dicommutator is a Malcev dialgebra. 

A few years ago, in 2004, Perez-Izquierdo and Shestakov [28] established a more 
general way of constructing Malcev algebras. Given an algebra A, the generalized 
alternative nucleus Nait(^) of A, introduced by Morandi and Perez-Izquierdo 
[25] . is defined as 

Nait(^) = {a e A \ (a, x, y) = -{x, a, y) = (a;, y, a) for aU x, y G A}, 

where (x, y, z) = {xy)z — xijjz) denotes the associator of A. As was pointed out in 
[25] . Nait(^) may not be a subalgebra of A but it is closed under the commutator, 
so it is a subalgebra of A~ , that is, {A, [—,—]). Moreover, Nait(^)~ is a Malcev 
algebra. (See [ISJ Proposition 4.3]) 

Remark 3.1. It is easy to see that the elements of Nait(^) satisfy right and left 
alternativity, i.e., the defining identities for an alternative algebra. In fact, if A is 
an alternative algebra then Nait {A) = A, and the construction of Malcev algebras 
from alternative algebras is recovered. 

In this section we introduce the analogue of the generalized alternative nucleus 
for dialgebras. We prove that it is closed under the dicommutator and satisfies the 
defining identities for Malcev dialgebras. 

3.1. Definition of the generalized alternative di-nucleus of a 0-dialgebra. 

In this subsection we apply the KP algorithm to the defining identities for the 
generalized alternative nucleus Nait(^) of an algebra A. Expanding the associators 
and using the operation symbol { — , — } we get the following identities: 

{{a, x}, y} + {{x, a}, y} - {a, {x, y}} - {x, {a, y}} = 0, 

{{x, y}, a} + {{x, a}, y} - [x, {y, a}} - {x, {a, y}} = 0. 

The KP identities are obtained by making a, cc, y in turn the central argument: 



{{a,x}i,?/}i 


+ {{x 


a}2,y}i 


- {a,{x,v}i}i 


- {a;, {a,y}i}2 


= 0, 


{{a,a;}2,2/}i 


+ {{x 


a}i,y}i 


- {aAx,y}i}2 


- {2^, {a,y}i}i 


= 0, 


{{a,x}2,2/}2 


+ {{x 


a}2,y}2 


~ {aAx,y}2}2 


- {x,{a,y}2}2 


= 0, 


{{a;,y}2,a}2 


+ {{x 


a}2,y}i 


- [x, {y,a}2}2 


- {2:, {a,y}i}2 


eeO, 


{{a;,y}i,a}i 


+ {{x 


a}i,y}i 


- [x, {y,a}i}i 


- {2:, {a,y}i}i 


= 0, 


{{x,y}2,a}i 


+ {{x 


a}2,y}2 


- {x, {y,a}i}2 


- {2:, {a,y}2}2 


= 0, 



Using the notation ★ H • = •}! and ★ h • = {t^, •}2, the identities above become 



(1) (a H a:) H y + (x h a) H y — a H (x H y) — X h (a H y) = 0, 

(2) (a h a;) H y + (a; H a) H y — a h (a; H y) — X H (a H y) = 0, 

(3) (a h a;) h y + (a; h a) h y — a h (a; h y) — .X h (a h y) = 0, 

(4) (a; h y) h a + (a; h a) H y — a; h (y h a) — a: h (a H y) = 0, 

(5) (a; H y) H a + (a; H a) H y — a; H (y H a) — a: H (a H y) = 0, 

(6) (a; h y) H a + (x h a) h y — a; h (y H a) — a: h (a h y) = 0. 
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Using the dialgebra associators, identities (P)-® 


can be rewritten as follows: 


{a,x,y)-i + {x,a,y)x 


= 0, 


{a,x,y)x + {x,a,y)-t 


= 0, 


{a,x,yy + {x,a,y)i- 


= 0, 


{x,y,ay + {x,a,y)x 


= 0, 


{x,y,a)-i + {x,a,y)-t 


= 0, 


{x,y,a)x + {x,a,yy 


EE 0. 



To finish, note that the 0-idcntities 

{a, {b, c}i}i = {a, {b, c}2}i, {{a, b}i, cja = {{a, 6)2, 0)2, 

become the bar identities by replacing the symbols { — ,— }i, { — ,— }2 by H and h, 
respectively. More precisely, 

a^{b^c)=a^{bh c), (a H 6) h c = (a h 6) h c. 

The above calculations make possible to introduce the generalized alternative nu- 
cleus for the setting of dialgebras. 

Definition 3.2. The generalized alternative di-nucleus NaitCi?) of a 0-dialgebra 
D is the set of elements a € D which satisfies the bar identities and the following: 

(GANl) {a,x,y)^ = -{x,a,y)x = {x,y,ay, 

(GAN2) (a,x,2/)x = -{x,a,y)-i = {x,y,a)^, 

(GAN3) {a,x,y)i. = -{x,a,yy = {x,y,a)x. 

Proposition 3.3. Let D be a 0-dialgebra. Then the elements o/Nait(i^) satisfy 
the defining identities for an alternative dialgebra. Moreover, if D is alternative 
then N,itiD)=D. 

Proof. Straightforward. □ 

Remark 3.4. In the setting of algebras, the generalized alternative nucleus does 
not have a subalgebra structure. As a consequence, we can affirm that Nait(i?) is 
not in general a sub-dialgebra of D. 

Our next goal will be to show that Nait(£') is closed under the dicommutator. 
Our argument shares some of the ideas developed in |251 Section 4] . We start by 
introducing some definitions. 

Definition 3.5. Let Z? be a dialgebra and a <E D. The multiplication operators 

L^^,L^^,R^^,R2:D^D are given by 

L^{x) = a h X, L'^{x) ~ a -\ X, R^{x) ^ x'r a, Raix) = x H a, 

for any X gD. We also introduce := ij; + i?^, f^:=R^+L^. 

Definition 3.6. A ternary derivation of a 0-dialgebra D is a triple {Si, 62,63) e 
EndF(-D) X Endi.(L') x EndF(-D) such that 

(7) 6i{x^y)^62{x)^y + x^63{y), 6i{x h y) ^ 62{x) h y + x h 63{y), 
for all X, y G D. 



8 



SANCHEZ-ORTEGA 



The set of all ternary derivations Tder(I?) of D has a Lie algebra structure with 
the Lie bracket defined to be 

(8) [{5i,62,5i), (Aii,Ai2,A*3)] := [52,^^2], 

for all (<5i, <52, ^3), (MijM2,y^3) G Tdcr(£'). In case 5i ~ 82 ^ 5^, equation (O says 
that ^1 is a derivation of D. 

Remark 3.7. Using the terminology of ternary derivations, it is easy to see that 
an element a £ L» satisfies (|GAN2p and (|GAN3|) if and only if (L^, r„^,-i^), 
(i?^, -R2,T-) G Tderp). 

At this point, one may ask about the remaining condition (jGANip . It is not 
surprising that ()GANip will be related to the operators L^, . 

Unfortunately, the triples (i^, {Bf^, —R^,T^) are no longer ternary 

derivations of D. To be more precise, given a G £*, it follows that 

(x,a,y)x = -(a,.T,y)H ^ L'2{x H y) = T^{x) -Ay-xV- L^{y), 

{x,a,y)^ = ~{x,y,ay 4^R^{xhy)^ -Rai^) H y + x h f^{y), 

for any x^y € D. Note that it is natural to obtain the above expressions since the 
bar identities can be applied to get 

L^(.T H y) = L^{x h y), h y) = H y), 

for all x,y G D. 

Definition 3.8. A triple {61,62,63) G EndFC^) x EndpiD) x EndF(-D) of a 0- 
dialgebra D, is called a quasi-ternary derivation if it satisfies 

6i{x H y) = 62{x) H y + x h (53(y), (5i(a; h y) = ^2(2;) H y + a; h (53(y), 

for all x,y G D. Denote by QTdcr(_D) the set of all quasi-ternary derivations of D. 

Note that an element a e D satisfies (|GAN1|) if and only if (L^, f^,-L'^), 
{R^, —R\^,T^) are quasi-ternary derivations. We have just proved the following 
result. 

Lemma 3.9. Let D be 0-dialgehra and a £ D. Then a G Nait(-D) if and only if a 
satisfies the following conditions: 

(i) (L^, T,^-L^), [R^, -R2,T-) G Tderp). 

(ii) (i^, f-,-L^), (i?^, -i?^,T,x) G QTder(i^). 

The following lemma relates the product of a ternary derivation with a quasi- 
ternary derivation. 

Lemma 3.10. Let D he a 0-dialgehra. If {61,62,63) G QTdcr(Z?) and {jjLi, 112, ^3) G 
Tdcrp), then {[61, ii{\,[62, ii2]Ah, l^'i]) e QTdcr(I?). 

Proof. Given x,y G D, we have 

[6i,^i\{x H y) = 6i{^i{x H y)) - /ii((5i(.T H y)) = (5i(/^2(a;) H y) + 6i{x H /i3(y)) 

- ^1(^2(2;) H y) - Aii(a; ^ '^3(y)) = ^2(/^2(a;)) H y + ^2(2;) t- (53(y) 
4- ^2(2;) H At3(2/) + 2; h 63{fi3{y)) - /i2(52(2:)) H y - 52(.t) H pt3(y) 

- H2ix) I- ^3(2/) -2; I- At3(^3(2/)) = ['52,M2](2;) H y-h2; H [(^3, /X3](y), 
as desired. □ 
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Next, we derive some properties of the multiplication operators that will be 
useful for our purposes. 

Lemma 3.11. Let D he a 0-dialgehra, a, 6 G Nait(£') and x G D. Then 



(i 
(ii: 
(iii 

(iv; 
(v: 
(vi: 

(vii 
(viii 

(ix; 
(x: 



"R'ia.b) = ^[^a'^b] +2[7ir,-Rt], ^^(a,t) = "K'^bl + '^i^a ^ ^b] 



^^(1.) = [^'a^^^fc"] - 2K,r,x] = -[t^^t^x] + 2[l^,t,x]. 

Proof. Let a,6 G NaitC^) and x,y € D. 

(i) . Applying the left bar identity we get 

La^xiy) = (a H x) h J/ = (a h x) h y. 

On the other hand, we have 

L^,L^{y) + [R^, L^](2/) = ah {x h y) + (x h y) ^ a - x h {y ^ a). 

Thus, L^^^{y) ^ L^L^{y) + [R'^, -^U(y) if and only if (a, x, y)h = -{x, y, a)x which 
holds since a G Nait(£')- Analogously, one can show that L\^\-a{y) = I^xl^aiv) + 

[l^x,RM- 

(ii) , (iii) and (iv) can be proved analogously. 

(v) . By definition wc have 

[L^a,Rb]{y) = a h (y H 6) - (a h y) H 6 = -{a, y,b)^, 

[i?^ , Lfc^] (y) = & h (y H a) - (6 h y) H a = (6, y , a) X . 

Applying that b G Nait(-D) from (jGAN2p wc obtain {b,y,a)x = {y,a,b)-\. Since 
a G Nait(£') a second use of (jGAN2p gives {y,a,b)-\ = —{a,y,b)x- The proof of 
the second equality is similar: apply (|GAN3|) with b G Nait(-D), and (jGANip with 
aGNait(i?). 

(vi) follows from (i), (ii) and (v). 

(vii) follows from (vi) and the definitions of , . 

(viii) is a consequence of (iii), (iv) and (v). 

(ix) is obtained by an application of (viii), taking into account the definitions of 

a ^ ^ a ' 

(x) . Applying (vi), (viii) and (v) wc get 
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On the other hand 

(9) [T: , r,x] = + R:,L^, + R^] ^ [LlL\;] + 2[R:, L^,] + [R:,R^], 
which inipUes 

Tl'aM = , T,^] - 2[i?:, Lfcl - 2[R:,R:] = [T,x , T,x] - 2[i?:, T^] 

= -[rx,rx] + 2[L^,rx]. 

(xi) can be shown similarly. □ 

Proposition 3.12. The generalized alternative di-nucleus of a 0-dialgebra is closed 
under the dicommutator. 

Proof. Let Z? be a 0-dialgebra and Nait(£') its generalized alternative di-nucleus. 
Given a,6 G Nait(-D); in order to show that (a, 6) S NaitC^*) we are going to use 
the characterization in terms of ternary and quasi-ternary derivations described 
in Lemma 13.91 Let us start by proving the claim that {L^a b)''^{^ b)' ~-^\a b)") ^ 
Tder(Z)). Since a, 6 G Nait(-D), Lemma (i) allows us to conclude that 

(L^, rx,-L^), (4, T,x,_L,^), {r2, ~R2,T:) e Tder(i?), 

which implies that 

{[LlL^], [T:,T,-],[L:,L\;])+2{[R:,L:1 [-R:,T,-],[T:,-L:]) eTder{D). 
On the other hand, applying Lemma 13.111 fvi). (vii), (x) we get 

[T:,Ta[L:,L:])+2{[R:,L:], [~R:,Ta[T:,~L:]) 

= {[l:,l\;] + 2[r:,l:], [rx,T,x] + 2[-i?:,rx]^ [l:,l\;] + 2[t:,-l:]) 

which concludes the proof of the claim. 

Similarly, one can show that (^^^ fc) ' ^^(1 fc) ' -^{a 6)) '= Tdcr(Z)). It remains 
to check that (L; ,^, ,^,-L; ,p^ (i?^^ ,^, e QTdcr(i?). Let 

us now prove that (^^^^ f,^, ^^(a t) ' ^{a 6)) ^ QTder(£'). Lemma 13.91 (ii) yields 

(L^, f^,-L^), {R^, -R^,f^) e QTdcr(i:i), while from Lemma [SH (i) we get 
that (i?^, -R\;,T^) e Tder(i:»). Now apply Lemma [57TU1 to conclude that 

-{[R:,R:], K,i?,1,[f,x,rX])-2([L:,i?^], [f:^,-R:],[~L2,T,-]) eQTdciiD). 

On the other hand by Lemma 13.111 fviii'). (ix), (xi), we obtain 

= {-[r:,r^] - 2[l:,r^], + 2[f:,R^], -[f^^r,-] + 2[l:,t,-]) 

which finishes the proof. □ 

Theorem 3.13. Let D be a 0-dialgebra over a field of characteristic not 2 or 3. 
Then (Nait(-D), (— , — )) is a Malcev dialgebra. 

Proof. Taking into account Propositions 13.31 and 13.121 the result follows from the 
fact that every subspace of an alternative dialgebra, which is closed under the 
dicommutator, is a Malcev dialgebra. (See [H Section 4] for details.) □ 
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4. On the search for a nonlinear di-Malcev identity 



In the previous section, we have shown that the gencrahzed ahernativc di-nucleus 
of a 0-dialgebra, endowed with the dicomniutator, is a Malcev dialgebra (see Theo- 
reni l3.13)) . To prove Theoreni l3.13[ we have used that any subspace of an ahernative 
dialgebra, which is closed under the dicommutator, is a Malcev dialgebra. A more 
interesting fact would be to prove Theorem [3lT3] independently; since it would give 
us a more general construction of Malcev dialgebras. For this task, based on the 
proof of the corresponding result for algebras (see [551 Proposition 4.3] and 
p. 9]), one can expect that it will be crucial to have a nonlinear version of the 
di-Malcev identity. 

Motivated by the following result, due to Myung, our first step will be to intro- 
duce the analogous operation to the Jacobian for dialgebras. 

Proposition 4.1. [26l Proposition 1.1] In a Malcev algebra, the Malcev identity is 
equivalent to the identity 

(10) J{x,y,xz) = J{x,y,z)x, 

where J{x, y, z) = {xy)z -\- {yz)x + {zx)y is the Jacobian. 

Inspired by the fact that the Jacobian vanishes in any Lie algebra, we introduce 
the following trilinear operation on any Malcev dialgebra: 



Note that L equals to zero in every (right) Leibniz algebra. We will refer to L as 
the di-Jacobian. The following two remarks justify our terminology. 

Remark 4.2. In a Malcev algebra, an application of the anticommutativity tells 
us that the di-Jacobian coincides with the Jacobian. 

Remark 4.3. The di-Jacobian could also be obtained by applying the BSO al- 
gorithm to the Jacobian. In fact, making x, y and z the center in the Jacobian 
gives 



Since J2{x,y,z) — Ji{y,z,x) and Jz{x,y,z) = Ji{z,x,y), we discard J2 and J3, 
and we retain Ji. At this point, note that in a Malcev dialgebra with product xy, 
the right product is superfluous, since x -\ y = —y \- x = xy (see [6l Section 3] for 
more details). Thus, rewriting Ji(x, y, z) in terms of the operation xy and applying 
right anticommutativity, we obtain 

Ji{x,y, z) = {x -\ y) -\ z + (y \- z) \- X + {z \- x) -\ y 

= {xy)z + x{zy) - {xz)y = {xy)z - x{yz) ~ {xz)y = L{x, y, z), 

as claimed. 

In what follows, we will show that the di-Jacobian satisfies some properties 
analogous to those of the Jacobian. We start by recalling some basic notions and 
facts about the so-called Malcev admissible algebras. 



y, z) = {xy)z - x{yz) - {xz)y. 



Ji{x,y,z) 
J2{x,y,z) 
Mx,y,z) 



(x -\ y) -\ z + {y h z) \- X + {z \- x) -\ y, 
(x h y) -\ z + {y -\ z) -\ X + {z \- x) 1- y, 
(x h y) h z + (y h z) H x + (2 H x) h y. 
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An algebra A is called Malcev admissible if A = (A, [—,—]) is a Malcev 
algebra. In the theory of Malcev admissible algebras, the trilinear operation 

(11) S{x,y,z) := {x,y,z) + {y,z,x) + {z,x,y), 

plays an important role. More precisely, given an algebra A, over a field F of 
arbitrary characteristic, expanding the associators, we get 

(12) S{x, y, z) - S{x, z, y) = J a- [x, y, z), 

where J^- stands for the Jacobian of A~ . If A is flexible, then the function S 
alternates in its second and third arguments, i.e., A satisfies S{x, y, z) = —S{x, z, y), 
and so p2|) applies to get 

(13) 2S{x, y, z) = J A- {x, y, z). 

From and Proposition 14.11 (see also UHl Lemma 1.2 (ii)]) it follows that a 
flexible algebra is Malcev admissible if and only if the following identity is satisfied. 

(14) 2Six,y,[x,z]) = 2[Six,y,z),x]. 

Coming back to the dialgebra setting, our first task will be to introduce the 
analogue of the operation S. To this end, we first expand the associators in (fTTj): 

(15) S{x, y, z) = {xy)z - x{yz) + {yz)x - y{zx) + {zx)y - z{xy). 

Next, applying the BSO algorithm (by making x the center in each monomial) 
produces the following trilinear operation in a nonassociative dialgebra: 

S{x, y,z)~{x-\y)-\z — x~\{y-\z) + {y'^z)'^x — y'^{z^x) + {z^x)^y 
- z h (x H y) = (a;,y, z)h + {y,z,x)y- + {z,x,y)^. 

Note that making y or z the center in ()15p does not give anything new: if Si{x, y, z) 
is the operation obtained from S{x, y, z) by making the i-th argument the center, 
then S{x,y,z) = Si{x,y,z) = S2{z,x,y) ^ S3,{y,z,x). 

Definition 4.4. A 0-dialgebra D is called Malcev admissible if = {D, (—,—)) 

is a Malcev dialgebra. 

We have already seen an example of a Malcev admissible dialgebra, that is, the 
generalized alternative di-nucleus Nait(J5) of a 0-dialgcbra D. 

Recall (see [7l Section 7] for details) that a flexible dialgebra is a 0-dialgebra 
which satisfies the identities: 

(16) (x,?/,z)h + (z,y,x)h = 0, {x,y,z)y, + {z,y,x)x ^0. 

Note that the first identity in (fT6|) coincides with the first identity in the definition 
of an alternative dialgebra. Moreover, every alternative dialgebra is fiexible. 
The following result collects together some properties of the operation S. 

Lemma 4.5. Let D be a flexible dialgebra over a field of characteristic different 
from 2. Then 

(i) S{x,y,z) = -S{x,z,y), 2S{x,y,z) = Lo-(,x,y,z) for all x,y,z e D. 

(ii) is a Leibniz algebra if and only if S{x, y, z) = 0. 
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Proof, (i). For x, y, z <E D, it follows 

S{x,y,z) = {x,y,z)-i + {y,z,x)i- + {z,x,y)-x 

^ -(z,y,x)h - {x,z,y)-t - {y,x,z)^ = -S{x,z,y). 
Moreover, applying the bar identities we get 

LD-{x,y,z) ^ {{x,y),z) - {x, {y,z)) - {{x,z),y) = {x-\y-yhx)-\z 

~z\-(x-\y^yhx)— x-\{y-\z~z\-y) + {y-\z — z^y)\-x 

— {x ^ z — z h x) y + y ^ {x -\ z — z \~ x) = {x,y, z)-\ + [y, z, x)^ 

+ {z,x,y)-^ - {x,z,y)^ - {z,y,xy - {y,x,z)x = S{x,y,z) - S{x,z,y) 

= '^S{x,y,z), 

as desired. 

(ii) is a consequence of (i). 

□ 

Inspired by ()10p , we introduce the following nonlinear identity in a Malcev dial- 
gebra 

(17) L{y,x,zx) = L{y,z,x)x. 

Remark 4.6. Note that in a Malcev algebra identities pO|) and (|T7l) turn to be 
equal. This follows from the skew symmetries of the Jacobian and the anticommu- 
tativity law. 

Remark 4.7. In a Malcev admissible dialgebra, identity ([T7)) can be rewritten, in 
terms of the operation S, as follows: 

(18) S{x,y,{z,y)) = {S{x,z,y),y). 

At this point, it is natural ask whether identity (jl7p will be the nonlinear ana- 
logue of the di-Malcev identity. Unfortunately, against what seems to be natural 
identity (|17p and the di-Malcev identity turn out to be non-equivalent. We will use 
computer algebra to prove this claim. To this end, we will regard the subspace of all 
identities of degree n for a certain algebra ^ as a module over the symmetric group 
Sn acting by permutations of the variables. Given identities /, /i, . . . , of degree 
n, we say that / is a consequence of /i, . . . , if / belongs to the S'„-submodule 
generated by /i, . . . ,/fe. 

Theorem 4.8. The di-Malcev identity is not equivalent to identity (|17p in the free 
right anticommutative algebra. 

Proof. A binary operation has five association types in degree 4, namely: 

{{ab)c)d, (a(bc))d, {ab){cd), a{b{cd)), a{{bc)d). 

An application of the right anticommutativity law eliminates type 4, since a{b{cd)) = 
—a{{cd)b). Moreover, types 2, 3 and 5 have the following skew-symmetries: 

(19) {a{cb))d = ~{a{bc))d, {ab)(dc) -(a6)(cd), a{{cb)d) = ~a{{bc)d). 

Each skew-symmetry halves the number of multilinear monomials, giving the 60 
monomials of Table [1] which form an ordered basis of the multilinear subspace of 
degree 4 in the free right anticommutative algebra on four generators. 
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{{ab)c)d, 


{{ab)d)c, 


{(ac)b)d, 


{{ac)d)b, 


{{ad)b)c, 


{{ad)c)b, 


{{ba)c)d, 


{{ba)d)c, 


{{bc)a)d, 


{{bc)d)a, 


{{bd)a)c, 


{{bd)c)a, 


{{ca)b)d, 


{{ca)d)b, 


{{cb)a)d, 


{{cb)d)a, 


{{cd)a)b, 


{{cd)b)a, 


{{da)b)c, 


{{da)c)b, 


{{db)a)c, 


{{db)c)a, 


{{dc)a)b, 


{{dc)b)a, 


{a{bc))d, 


{a{bd))c, 


(a(cd))6, 


{b{ac))d, 


{b{ad))c, 


{b{cd))a, 


{c{ab))d, 


{c{ad))b, 


{c{bd))a, 


{d{ab))c, 


{d{ac))b, 


{d{bc))a, 


{ab){cd), 


{ac){bd), 


{ad){bc), 


{ba){cd), 


{bc){ad), 


{bd){ac), 


{ca){bd), 


(c6)(ad), 


{cd){ab), 


{da){bc), 


{db){ac), 


(dc)(a&), 


a({bc)d), 


a{{bd)c), 


a{{cd)b), 


b{{ac)d), 


b{{ad)c), 


6((cd)a), 


c{{ab)d), 


c{{ad)b), 


c{{bd)a), 


d{{ab)c), 


d{{ac)b), 


d{{bc)a). 



Table 1 . Right anticommutative monomials in degree 4 



We first process identity (fT7|) . We create a 48 x 60 matrix M, initialized to zero. 
We fill the first 24 rows with the coefficient vectors obtained by applying all 24 
permutations of the variables a, 6, c, d to identity ()17|) and straightening the terms 
by using right anticommutativity. The rank of the resulting matrix is 8. Next, we 
perform the same calculations with the di-Malcev identity and store the resulting 
vectors in rows 25—48 of M; the rank is now 20. We then reverse this procedure, first 
processing the di-Malcev identity, obtaining rank 20 and then processing identity 
([T7| . which does not increase the rank. 

We conclude that identity P7)) is a consequence of the di-Malcev identity but the 
converse is not true: the di-Malcev identity can not be obtained from identity (|17p. 
These calculations show that identity p7)) and the di-Malcev identity generate a 
20-dimensional subspace in the 60-dimensional space spanned by the right anticom- 
mutative monomials. Moreover, identity ()17|) generates a 8-dimensional subspace 
while the di-Malcev identity generates the entire 20-dimensional subspace. 

These calculations were performed by using the Maple 16 package LinearAlgebra. 

□ 

Question 4.9. The results of the present section make us to ask whether there 
exists a nonlinear identity, which has an expression in terms of the di-Jacobian, 
equivalent to the di-Malcev identity. 

5. Conjecture: speciality on Malcev dialgebras 

Perez-Izquierdo and Shestakov [28] proved that any Malcev algebra is isomorphic 
to a subalgebra of the generalized alternative nucleus Nait(^) of a certain algebra A. 
More precisely, given a Malcev algebra M they constructed an algebra U(M), and 
a monomorphism t : M — >■ U(M)~ such that the image of M lies in the generalized 
alternative nucleus of U(M), and U(M) is a universal object with respect to such 
homomorphisms. They showed that U(M) has a basis of Poincare-Birkhoff-Witt 
type over M, and inherits some good properties of universal enveloping algebras of 
Lie algebras. 

Motivated by this result and based on the results of the previous sections, it 
seems natural to ask whether any Malcev dialgebra arises from a subalgebra of the 
generalized alternative di-nucleus of a certain 0-dialgebra. We leave it as an open 
problem. 
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6. The associative di-nucleus 

The associators vanish in any associative algebra. Concerning to nonassociative 
algebras, several authors have analyzed what happens if we impose that the asso- 
ciators satisfy certain polynomial identities. For example, Thedy j34j studied the 
case in which all associators commute with all the elements. Later on, Kleinfeld and 
Widmer [15] considered rings which associators satisfy (x, y, z) = {y,z,x); previ- 
ously studied by Outcalt |27] and Sterling [31] . In the present section, we focus our 
attention on a result due to Kleinfeld [13], which stated that a semiprime algebra 
with all its associators in the associative nucleus is associative. 

Let us recall that the associative nucleus N(A) of an algebra A is defined by 

N(v4) = {aeA\{a, A, A) = {A, a, A) = {A, A, a) = 0}. 

As we have seen, the theory of dialgebras is not entirely analogous to the theory 
of algebras; in the sense that we can not translate directly an arbitrary result 
from algebras to dialgebras, and hope that the resulting result will also hold in 
the dialgebra setting. Likely, in this section, we will show that the analogue to 
Kleinfeld's theorem holds for a 0-dialgebra. 

The definition of the associative di-nucleus of a 0-dialgebra can be obtained by 
applying the KP algorithm to the defining identities for the associative nucleus 
N(A) of an algebra A. Proceeding as in subsection 13.11 (we omit here the details) 
we will obtain the following definition. 

Definition 6.1. Let D be a 0-dialgebra. The associative di-nucleus N(£') of 
D is the set of elements a ^ D, which satisfies the bar identities jointly with the 
following identities. 

(ANl) (a, D, D)^ = {D, a, D)^ = (D, D, a)^ = 0, 

(AN2) (a,-D,-D)x = iD,a,D)^= {D,D,a)y. =0, 

(AN3) (a, D, D)y. = {D, a, D)^ = (£>, D, a)^ = 0. 

One of the differences between the generalized alternative di-nucleus Nait(-D) and 
the associative nucleus N(£') is that N(D) is a subdialgebra of D. 

In order to prove this important property of N(Z3), we need to introduce some 
notions. The following identity, so-called the Teichmiiller identity 

(T) {wx, y, z) - {w, xy, z) + (w, x, yz) = w{x, y, z) + {w, x, y)z, 

holds in any algebra. Due to the relation between the BSO and the KP algo- 
rithms the following identities hold in any 0-dialgebra. We will refer to them as the 
Teichmiiller di-identities. 



(Tl) 

{w 


H x,y,z)^ - 


{w. 


,x -\y,z)-l- 


h(w;, 


,x,y -\ 




= w H (x,y,z)H H 




x,y)-i 


Hz, 


(T2) 
(w 


h x,y,z)-i - 


{w, 


x-\y, z)x 4 


- {w, 


x,y -\ 


z)x 


= w h {x,y, z)h H 


h {w, 


x,y)x 


H z 


(T3) 
{w 


h x,y,z)y, - 


{w, 


X h j/,z)x - 


h(w, 


.x,y -\ 


z)v- 


= w h (x,?/,z)x - 




,x,y)v- 


H z 


(T4) 
{w 


h x,y,z)i- - 


{w. 


,x h y, z)h - 


h(w, 


.x,yy- 




= w\~ {x,y, z)h H 


h(w, 


x,y)v- 


h z. 
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Note that (jTip - (jT4p are obtained by expanding the associators in (jT]), and making 
w, X, y and z, respectively, the center of each monomial. 

Lemma 6.2. The associative di-nucleus N(I?) of a 0-dialgebra D is a suhdialgebra. 

Proof. We will show that N(D) is closed under the left product. Similarly, one can 
prove that it is also closed under the right product. 

Given a, 6 e N(D) applying (jTip . by taking into account that (|AN1[) holds for a 
and 6, we get that a H 6 satisfies (jANip . Applications of the left bar identity and 
(|T4p give that (PM]) is satisfied by a H 6. To finish, in order to show that a H 6 
also verifies (|AN2|) apply the left bar identity jointly with (fT2|) and (|T3|. □ 

Any nonassociative algebra has a particular ideal, called the associator ideal 
defined to be the smallest ideal which contains all associators. Kleinfeld [14] noticed 
that its elements are either finite sums of associators or right multiples of associ- 
ators. In what follows, we will develop the necessary machinery to find a similar 
notion in the dialgebra setting. 

Definition 6.3. A subspace / of a dialgebra D is called a di-ideal if it satisfies 
that I ^ D, Ih D, D ^ I, I C I. 

Let _D be a 0-dialgcbra, let us denote by Assoc(Z)) the set consisting of all finite 
sums of dialgebra associators of D jointly with all its right multiples of dialgebra 
associators of D. To be more precise, an arbitrary element of Assoc(-D) is of one of 
the following types: 

• A finite sum of dialgebra associators: 

{x,y,z)-i, {x,y,z)x, {x,y,z)i- 

• A right multiple of a dialgebra associator: 

{x,y,z)-t^t, {x,y,z)x-\t, {x,y,z)i-^t, {x,y,z)i-\-t 
where x, ?/, z, t e D. 

Remark 6.4. Notice that the bar identities apply to get 

{x,y,z)-i 'rt= {x,y,z)x \- t = {x,y,z)y. h t. 

Lemma 6.5. Let D be a 0-dialgebra. Then Assoc(_D) is a di-ideal of D. Moreover, 
Assoc(_D) is the smallest di-ideal of D containing all the dialgebra associators. 

Proof. Due to the bar identities, the result follows by noticing the following: 

{{x, y, z)* H <) H u = {{x, y, z)^, t, - (x, y, z)^ -\{t-\u), 
{{x, y, z)h h i) h -u = {{x, y, zy,t, u)^. - {x, y, z)i- h (t h u), 

u-\{x,y,z)^ = {u x,y,z)^ - {u,x ~]y,z)-t-\- {u,x,y ~\ z)^ - {u,x,y)-\ -\ z, 

u h (x, y, z)h = {uh x,y,z)^ ~ {u,x -\y,z)x -\- {u,x,y -\ z)x - {u,x,y)y, -\ z, 

u\-{x,y,z)x = {uh x,y,z)x ~ {u,x h y,z)x -\- {u,x,y -\ z)i- - {u,x,y)^ -\ z, 

u\-{x,y,zy EE {u\- x,y, zy - {u,x h y,zy + (u,x,y h zy - {u,x,yy h z, 
u h ((a;,y,z)^ ^ ^) = {x,y,z)i,,t)x - (u h (x, ?;,z)^) H i, 
u h ((x, y, zy I- t) = (u, (x, y, z)i-, - (u h (x, y, z)h) h i. 
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u H ((.T, y, z)h H t) = (u, (x, y, z)h, - (u H (a;, y, z)h) H 

where * G {H, x, h}. □ 

Definition 6.6. The associator di-ideal of a 0-dialgcbra D is the di-ideal Assoc(£'). 

Definition 6.7. We say that a dialgebra is semiprime if it does not contain di- 
ideals which left and right square products are zero; that is, / H/ = /H/ = 
impUes / = for every di-ideal /. 

Theorem 6.8. Let D be a 0-dialgebra over a field of characteristic not 2. Assume 
that D is semiprime and has all its associators in N{D). Then D is an associative 
dialgebra. 

Lemma 6.9. Let D a 0-dialgebra. Then for a G N(£'), x,y,z G D and * G {H 
, X, h}, the following identities hold: 



(20) {a x,y,z)-i = a -\ {x,y,z)-i, 

(21) {ah x,y,z)i, = a\- {x,y,z)i,, 

(22) {x -\ a,y,z)-^ = {x,a ~\y,z)^, 

(23) {xh a,y,z)^ = {x,a-\y,z)y,, 

(24) {x,y ~\ a,z)i, = {x,y,a\- z)i,, 

(25) (x, y h a, z)x = (a;,y,a H z)h, 

(26) (x, y,z -\ a)^ = {x, y, z)* H a, 

(27) {x,y,z\- a)\- = {x,y,z)\- \- a. 



Proof. It follows by applying the Teichmiiller di-identities and the bar identities. □ 

Proof of Theorem \6.8[ Write / to denote the associative di-nuclcus Assoc(D) of D. 
We arc going to show that / H/ = /h/ = which, by the semiprimencss of Z?, 
will allow us to conclude that 7 = 0. 

Given x, y, z,t,u,v E D and ★ G {H, x , h} we claim that 

(28) {x,y,z)^, H {t,u,v)-i = {x,y,z)^ H {t,u,v)-^= {x,y,z)^ H {t,u,v)i- = 0, 

(29) {x, y, z)h h (i, u, v)-^ = {x, y,z)y, h (i, u, u)^ee (x, y, z)h h (t, u, d)* = 0, 

Set p :— {x,y,z)^ H (t, u,f)H. Since {x,y,z)-\ G N(Z3), an application of (j20|) 
gives p = ((x, y, z)h H t, u, f )h. On the other hand from (|Tip we obtain 

(x, y, z)h H i = (x H y, z, t)-i - {x,y -\ z, t)^ + {x, y, z-\t)-i~x-\ {y, z, t)-i, 

which by the hypothesis yields p = —{x H {y,z,t)-\,u,v)-\. Next ([22]) and (|T1[) 
apply to get p = —(a;, {y,z,t)^ H u,w)h = (x,y -\ {z,t,u)^v)^. Using the right bar 
identity, ([24]) and (jTip we have p = (x, y, (z, i, u)h H w)h = — (x, y, z H (<, m, u)h)h. 
To finish apply (|26|) to get p = — (a;,y, z)h H (i,u,i;)H = —p. Thus 2p = and 
therefore p = 0. Reasoning in a similar way, one can complete the proof of (|28p 
and show ((29)) . 

Next, for x, y, z, s, t,u,v,w €z D and ★ G {H, x , h} we claim that 

(30) ((x,?/,z)^ H i) H ((u, t;,w)H H s) = ((x, ?;,z)^ H <)H ((u,w,i(;)x H s) ee 
((x, y, z)^ H i) H ((u, v, w)^ H s) = ((x, y, z)^ H t) H ((m, u, u;)h h s) = 0, 

(31) ((x,?/,z)hH i) h ((u,w,w)*H s) = ((a;,y,z)x H t) h {{u,v,w)i, H s) = 
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H t) h 


((u 




w).H 


s) 


= ((a;,y,2;)h 


h t) h {{u 


w 


w)^ 


H 


s) 


= 0, 


(32) 


{{x,y,z)i- 


h i) H 


((u 


V 


w)-{ H 


s) 


= {{x,y,z)\- 


hi)H((7., 




w)x 


H 


s) 






{{x,y,z)^ 


h i) H 


((u 


V 


«^)hH 


s) 


= {{x,y,zy 




V 


w)^ 


h 


s] 


= 0, 


(33) 


{{x,y,z)y- 




((u 


V 




s) 


= {{x,y,z)-i 


^t)[-{{u 


V 


w)v- 


h 


s] 






{{x,y,z)y, 


H i) h 


(('U 


V 


U))h h 


s) 


= {{x,y,z)v- 


Ht)h((H 


V 


w)h 


h 


s] 


EE 0. 



Let us check that ((x,y, z)[- h t) h ((w, u, z«)h h s) = 0. Similarly, one can show 
that all the elements above equal zero. 

Notice that ((x, y, z)h h i) h {u,v,w)i- = {x,y,z)y- h (t h (ujWjW)^), since 
{{x,y,z)^,t,{u,v,w)^)y- = by the hypothesis and (|AN3|) . Thus, it makes sense 
to write (a;, y, z)h h < h (u, w, u;)i-. From (|T4[) we get 

(a;, y, 2:)h h i = (x h y, 2, i)H - (a;, y h z, t)H + (x, y, z h f)H - x h (y, z, t)H, 

which yields 

(x, y, z)h h t h (u, D, w)h = (a; h y, z, i)H h (u, w, w)^ - (a:, y h z, i)H h (u, w, ?i;)h + 

(a;, y, z h t)^ h (u, v, w)h - (a; h (y, z, t)H) h (m, u, w)i- 

= -a; h {y,z,t)^ h (u,?;,w)h = 0, 

by (|XN3)) and ([291). Then applying we get 

((x, y, z)h h t) h ((u, w, w)h I- s) ((x, y, z)h h t h (u, w, w)h) h s = 0, 

as desired. To finish, notice that (l28l)-(l33l) yield that / H/ = /|-/ = 0, which 
concludes the proof. 

Acknowledgements 

The author thanks Joe Repka for his carefully reading of this manuscript. She 
also thanks Sara Madariaga for her help with the Maple calculations. The au- 
thor was supported by the Spanish MEC and Fondos FEDER jointly through 
project MTM2010-15223, and by the Junta de Andaluci'a (projects FQM-336 and 
FQM2467). 

References 

[1] M. Aymon, p. p. Grivel: Un Theorcmc dc Poincarc-Birkhoff-Witt pour les algebres de 

Leibniz. Comm. Algebra 31 (2003), no. 3, 527-544. 
[2] A. Bloh: On a generalization of tlie concept of Lie algebra. Dokl. Akad. Nauk SSSR 165 

(1965) 471-473. 

[3] A. Bloh: Cartan-Eilcnberg homology theory for a generalized class of Lie algebras. Dokl. 
Akad. Nauk SSSR 175 (1967) 266-268. 

[4] M. R. Bremner, J. Sanchez-OrtegA: The partially alternating ternary sum in an associa- 
tive dialgebra. J. Physics A 43 (2010) 455215. 

[5] M. R. Bremner, R. Felipe, J. Sanchez-Ortega: Jordan triple disystems. Comput. Math. 
Appl. 63 (2012) 1039-1055. 

[6] M. R. Bremner, L. A. Peresi, ,J. Sanchez-Ortega: Malcev dialgebras. Linear Multilinear 
Algebra 60 (2012), no. 10, 1125-1141. 

[7] M. R. Bremner, R. Felipe, R. Felipe-Sosa, M. K. Kinyon, ,J. Sanchez-Ortega; The 
Cayley-Dickson process for dialgebras. arXiv : 1209 . 2645 . 

[8] R. H. BruCK, E. Kleinfeld: The structure of alternative division rings. Proc. Amer. Math. 
Soc. 2 (1951) 878-890. 

[9] F. Chapoton: Un endofoncteur de la categoric des operades. Dialgebras and Related Operads, 
105—110. Lecture Notes in Mathematics, 1763. Springer, Berlin, 2001. 



ON THE DEFINITIONS OF NUCLEUS FOR DIALGEBRAS 



19 



C. CuviER: Algcbres do Leibnitz: definitions, proprietes. Ann. Sci. Ecole Norm. Sup. (4) 27 
(1994) 1-45. 

V. T. FiLlPPOV: The measure of non-Lieness for Malcev algebras. Algebra Logic 31 (1992), 
no. 2, 126-140. 

M. A. Insua, M. Ladra: Gr'obner bases in universal enveloping algebras of Leibniz algebras. 
J. Symbolic Comput. 44 (2009) 517-526. 
N. Jacobson: Lie algebras. Donver, New York, 1979. 

E. Kleinfeld: a class of rings which are very nearly associative. Amer. Math. Monthly 93 
(1986), no. 9, 720-722. 

E. Kleinfeld, L. Widmer: Rings satisfying (x,y,z) = {y,z,x). Comm. Algebra 17: 11 
(1989) 2683-2687. 

P. S. KOLESNIKOV: Varieties of dialgebras and conformal algebras. Sib. Math. J. 93 (1986), 
no. 9, 720-722. 49 (2008) 257-272. 

P. S. KOLESNIKOV, V. Y. VORONIN: On special identities for dialgebras. Linear Multilinear 
Algebra 61 (2013), no. 3, 377-391. 

D. Liu: Steinberg-Leibniz algebras and superalgebras. J. Algebra 283 (2005) 199-221. 
J.-L. LODAY: Une version non commutative des algebres de Lie: les algcbres de Leibniz. 
Enseign. Math. 39 (1993) 269-293. 

J.-L. LODAY: Algebres ayant deux operations associatives (digcbrcs). C. R. Math. Acad. 
Sci. Paris 321 (1995) 141-146. 

J.-L. LODAY: Dialgebras. In: Dialgebras and Related Operads, 7-66. Lectures Notes in Math- 
ematics, 1763. Springer, 2001. 

J.-L. LODAY, T. PiRASHVlLl: Universal enveloping algebras of Leibniz algebras and 
(co)homology. Math. Ann. 296 (1993) 139-158. 

A. L Malcev: Analytic loops. Matematicheskit Sbornik N. S. 36/78 (1955) 569-576. 

C. Martin: Associative dialgebras from a structural viewpoint. Comm. Algebra (to appear) 
arXlv: 1012.4984. 

P. J. Morandi, J. M. Perez-IzquierdO: On the tensor product of composition algebras. J. 
Algebra 243 (2001) 41-68. 

H. C. MyunG: Malcev-admissible Algebras, Progress in Mathematics, Vol. 64, Birkhauser, 
Basel, 1986. 

D. L. OUTCALT: An extension of the class of alternative rings. Can. J. Math. 17 (1965) 
130-141. 

J. M. Perez-Izquierdo, I. P. Shestakov: An envelope for Malcev algebras. J. Algebra 272 
(2004) 379-393. 

A. P. POZHIDAEV: Algebraic Systems of Lie Type. Doctor of Science Thesis. Novosibirsk, 
2010, 230 pages (in Russian). 

A. A. Sagle: Malcev algebras. Trans. Amer. Math. Soc. 101 (1961) 426-458. 
J. Sterling: Rings satisfying {x,y,z) = {y,z,x). Can. J. Math. (1968) 913-918. 
S. R. SvERCHKOV: Varieties of special algebras. Comm. Algebra 16 (1988) 1877-1919. 

B. Vallette: Manin products, Koszul duality, Loday algebras and Deligne conjecture. J. 
Reine Angew. Math. 620 (2008) 105-164. 

[34] A. Thedy: On rings satisfying [a, {b,c,d)] = 0. Proc. Amer. Math. Soc. 29 (1971) 250 - 254. 



Department of Algebra, Geometry' and Topology, University of Malaga, Spain 
E-mail address: jsaiichezo9uma.es 



